Introduction
The topic of manipulator dynamics has received considerable attention from the robotics research community. Various formulations, such as Lagrangian [Paul 19811 . recursive Lagrangian [Hollerbarh 19801, recursive Newtonkulcr (Lch, Walker, Paul] , and Kane's method [Kane] have been proposed for the formulation of the manip ulator dynamics equations.
One of the primary concerns in manipulator dynamics is computational efficiency. In the numerical procedxres: efficiency is gained by clever reorganization of the computations.
However, analytical approaches to the generation of manipulator equations can be more efficient than numerical approaches for a given manipulator [Ksnc] [Renaud] , and are often necessary for some problems io manipulator analysis, design [Khatib and Burdick] , and control. Unfortunately, for typical manipulators the generation of these equat.ions by hand is a t best a lengthy and tedious process. To overcome this problem, several programs [Cesareo] [Murray] have been developed to generate the equations of motion in symbolic form. However, these programs have been based on inefficient Lagrangian formulations, and produce expressions which are not as computationally efficiezt as the recursive numerical procedures.
In this paper, a method for generating manipulator equations of motion in a symbolic and compact form is developed, and some simplification rules based on both the structure of serial chain dynamic equations and on common manipulator geometries are presented. These rules form the basis for a lisp-based program, EMDEG (Efficient Manipulator Dynamic Equation Generator), to automatically generate manipulator dynamic equations.
G e o m e t r i c / K i n e m a t i c C o n v e n t i o n s
In the derivation of this method, it is assumed that a manipulator consists of a serial chain of N rigid bodies connected by uniaxial joints: prismatic or revolute. More complex joints can be modeled by adding "phantom" bodies which have no mass, inertia, or size. The base of the manipulator is fixed in an inertial reference frame, and all external forces, except for gravity and actuators effects, are neglected. E.g., this model does not deal with forces applied to the end-effector.
The kinematic convention presented here follows the modified Denavit-Hartenberg notation and conventions as developed in [Craig] . The kinematic rclationship between two bodies in a serial chain mechanism connected by uniaxial joints can be described by a set of parameters { a , d , a.6). The definitions of these parameters (see figure  1 ) are as follows: 1 2.
3.

4.
5.
6.
For the ith link, establish a coordinatc system, C,, which is represented by the orthogonal unit vectors x,,y,, and z,. A coordinate system Ci is different from a frame 3, in that a fra.me has its origia fixed to some location (such as a point on a link), whereas a coordinate system is defined independeutly of location. The unit vectors of 3, and C, are equivalent.
Attach 3, to the iih link such that z, is aligned with the joint axis.
The twist angle, @ , -I , is defined as the angle between the projection of zi and z ; -~.
The length parameter, a,-, is defined as the mutually orthogonal distance between E, and 5 , -, .
d, is the distance along e, between the intersections of and a; with q .
The angle 6, is defined as the angle between the projections of and a ,
Using the above notation, vectors described in C, can be transformed to a description in C,-I by the 3 x 3 rotation matrix, '-IR', and the vector from the origin of x-1 to the origin of 7, is denoted by P,:
where eOi denotes the cosine of 6i, cai denotes the cosine of the twist angle a;, etc..
S. Dynamic E q u a t i o n s
The following derivations are done in "joint space". That is, the generalized coordinates q are the joint angles R for revolute joints, or the distance d for prismatic joints, and the generalized speeds are the time derivatives of the generalized coordinates. The active forces consist solely of actuator torques and forces and gravity.
In the following derivations, the superscript "*" ('on) on vectors, matrices, and dyads denotes that these quantities are described with respect to the center of mass (origin of a frame). For vectors, post superscripts index the link number, and leading superscripts indicate that the vector is described in a particular coordinate system or frame. For example the velocity vector W" is the velocity of the center of mass of link i, as described in reference coordinate system (or reference frame) C j (33).
where 30, is termed a L'partial velocity", and is the partid derivative of the velocity of link i with respect to generalized speed i k , as expressed in Ci :
For notational simplicity, the dependence of j V , and 3 2 ; on q is not made explicit. Let m, and denote the mass of link i, a.nd inertia dyadic of link i as expressed in a coordinate system parallel to Z. but whose origin is located at the center of mass of link i. The kinetic energy of the manipulator can be expressed as the sum of the translational and rotational kinetic energy for each link:
where M(q) is the kinetic energy, or inertia, matrix of the manip ulator. By rearranging the ymmation above, and using (7), each element of M(q) will have the form:
Since M(q) is symmetric, only the upper half of the matrix need be computed, and so it will generally be assumed that j 2 i for Mi,j.
The potential energy of each link will simply be rn,gb,, where h, is the reference height of each link, which can be computed as z .OL:,i.
The total potential energy of the system will thus be:
If we form the Lagrangian, L = T -V , the equations of motion can be derived by substituting L into the Euler-Lagrange equations:
to create the dynamic equations with the form
where the elements of M(q) are given by (9); c(q,q*), b(q,q), and g(q) are the vectors of Coriolis, centrifugal, and gravity forces; and F is the vector of joint actuator torques or forces. The ith elements o f c(q, q2) and b(q, q ) can be expanded as: and bi,),k could be expressed in terms of masses, inertia dyadics, and sin~ple vector operations on partial velocities and partial angular velocities. However, as will be shown, the expression of these parameten in terms of the Christoffel symbol is more useful for the symbolic generation of ~i , j ,~ and br,l,k, since this form can lead to substantial simplifications.
The contribution of potential energy(l0) in equation (11) will generate the vector of joint gravity forces, g(q). The i f h component of g(q) can be found as:
Sirnpliflcation Rules
The simplification of the dynamics equations can be categorized into the following basic areas: simplifications based on the underlying structure of the equations; simplification based on the regularity of common manipdator contigurations; simplification based on some heuristic rules for simplification of dynamic equations; and general simplification procedures that apply to all algebraic systems. In this case the term simplification implies the reduction of the amount of real time computation required to compute the complete set of configuration dependent dynamic parameters, M(q),b(q, q),c(q, q 2 ) , and g(q); and subsequently, to minimize the computation of the inverse dynamic problem: the computation of F in equation (12) given q,q, and q.
There are two basic ideas behind simplification:
1. Develop a hierarchy of symbols (a partial ordering) to improve computational efficiencies. : n essence, factorize the equations of motion, using a set of rules to guide the factorization and simplification.
Whenever possible, segregate
the computations into configuration dependent and configuration independent portions, since configuration independent parameters can be computed once, and then stored as constants.
A. Simpliftcation of Inertia Terms: General Rules
The inertia matrix, M(q), can be simplified by ordering the computations of the elements of M(q) so as to take advantage of as many common terms as possible: that is, develop a partial ordering of the computations using a recursive or hierarchical factoring scheme. The relationship between elements of M(q) can be seen by restructuring equation (9) where It,, and I,,i are the extbnded body inertia dyadics! l z l = jR'z is the unit vector z of C, as expressed in C,, and Ik"" is the inertia dyad of link k as expressed in C,.
Because of the serial nature of manipulators, many recursive relations can be derived between the extended body inertia dyadics. The identity = 'Lp,,. + iE;,k for i < j < k, can be used to derive the following relations for manipulators with r e v i u t e joints:
. . and the notation {a, b} is shorthand for ^a. i; + i;. G. Similary, for manipulators with both prismatic and revolute joints, the following relations can be derived (for joint i prismatic and joints j revolute):
These recursive identities can be used t o minimize the amount of computation necessary to compute the inertia matrix terms, especially when the matrix elements are generated in symbolic form. The different recursion relations correspond to "diagonal", "across", and "down" recursion in the inertia matrix. The best method of recursion will depend on the particular manipulator geometry.
B. Simpliflcation of Inertia Terms: Common Geometries
The formulation presented above is efficient for serial chain mechanisms of general geometry. However, almost all industrial manipulators have very regular geometries in which successive joints are either parallel or orthogonal. In addition, most six degree of freedom manipulators employ a "wrist" geometry in the last three joints. These regular geometries can lead to significant reductions in the complexity of the dynamics expressions. Hou,ever, the factorizations in equations (19), (ZO), and (21) are not necessarily the most efficient for these special geometries. When special geometries arise, the dynamic matrix elements effected by these geometries are computed using a separate set of rules, and the remaining elements are computed using the more general algorithms of (19) Using a similar derivation, the following other simplification rules for parallel joints can be developed:
and z.K,,,.a is a constant independent of manipulator con5guration,
9.
C. Simplificatlon of Coriolis and C e n t r i p e t a l Terms: General Rules
The centripetal and Coriolis terms can be simplified by considering some of the symmetries inherent in the Christoffel symbols. Because of the serial link nature of manipulators:
Using this rule, a set of simplification rules can be established to reduce the number of Coriolis and centripetal terms that need to be computed, regardless of manipulator geometry. For centripetal terms, the Christoffel symbol reduces to: br.p,k = bi,p+l,k
I t can also be shown that bt+,,k = bi,p+l,k for i > p + 1. Using similar derivations, the following additional relationships between the centripetal and Coriolis matrix elements can be developed (which can be used when the simplification in equations (27) and (28) do not apply):
35) It is evident from the large number of relationships above that a substantial amount of simplification in the computation of the Coriolis and centripetal terms can be obtained from special geometries.
EMDEG
The algorithm for generating manipulator dynamics and simplification procedures described above form the basis for a lisp-based program, EMDEG, that automatically generates the dynamic matrix and vector elements Mi,j,c,,j,j, b,,j,k, and g After simplifying and factoring the inertia matrix terms into configuration dependent and independent terms, the centripetal, Coriolis, and gravity terms are derived, with further simplification. Finally, iterative post-processing simplifications are applied to all of the dynamic expressions to find further common factors that can be factored out for further efficiencies. In addition to manipulator dynamic equations, EMDEG also generates the forward kinematic mode!, the manipulator jacobian matrix, ,and if desired, and analytic expression for the inverse of the jscobian matrix.
Example: the PUMA 560 Manipulator
To illustrate the use of this algorithm, the EMDEG program wa9 applied to a PUMA 560 manipulator. The choice of coordinate frames is shown in figure 2 , and the relevant kinematic and dynamic data is given below. The matrix and vector elements of the dynamic equations are given in Appendix 11. The computatlon of the elements of M(q), c(q,G2), b(q, q ) , and g(q) require 291 multiplications and 131 additions (snbtractions are counted the same as an additions). Using these results, the computation of the inverse dynamic problem requires an additional 110 multiplications and 123 additions, which results in a total computational burden of 401 multiplications and 254 additions, which is significantly less than the computational load of 852 multiplications and 738 additions as reported in in [Hollerbachj. EMDEG required approximately 1.0 minutes of CPU time on a VAX 11/780 to derive this solution.
Conclusion
The generation of manipulator dynamic equations in symbolic form is often necessary for many problems in manipulator design and control. This method of generating and simp!ifying the equations of motion. and the program EMDEG, which embodies further simplification procedures, has proven to be a useful tool for the symbolic generation of manipulator equations in a very efficient form.
